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Overview

Part1l:  Numerical path-integral methods for open quantum systems

1. Quasiadiabatic propagator path integral QUAPI
general idea and method
2. Iterative summation of paths: numerically exact results
3. QUAPI as a tensor network: TEMPO
4. Recent examples & applications:
e dissipative quantum XOR gate
e superconducting qubit coupled to a SQUID as readout device
e sub-Ohmic bath and quantum-1/f noise in superconducting qubits

e superconducting qubits exposed to non-commuting baths



Acknowledgements

Dr. Florian Otterponhl Prof. Peter Nalbach



System-bath model

Hiot = Hg(t)+ Hg + Hsp

System . (for example) 2

Bath + interaction:

N N 1
Hp = ZHJ(Q) = Z 9
71=1 7j=1

- set of uncoupled harmonic oscillators

- bilinear coupling to the system

- effect of bath can be strong since (infinitely) many oscillators couple to system
« counter term: repair for potential renormalization due to bath coupling

Initial condition for system-plus-bath:

W (to) = ps(to) ® pp

* required for dynamics 0 _1 0
- uncoupled at t=0 p = Zp  €Xp (_BHB)
* instantaneous switching on at t=0+



Bath spectral density

All bath parameters come in a specific combination: bath spectral density:

J(w> — T . C? 5(w _ w-) due to non-commuting
2 = mjw; ’ position & momentum
. . 1 [~ hwB -
Continuum limit: (T()T(0))g = AL(t) = — dw J(w) |coth —5 cos wt — 7 sinwt
T Jo
weight function thermal Green'’s function
of a single harm. oscillator
Simplest case: Ohmic bath: J(w) = Mryw oW/ we

Damping becomes Markovian:  Y(t — s) = 2v4(t — s)



Path integral approach to open quantum systems
Bath d.o.f. not under control & not of interest: average over them:

Reduced density operator in system Hilbert space: ~ p(t) = trg W (t)

possible, since

p(qs, gt t) H/dayjf (qexe|W (t)|gr ) action .qua.dratic:
Gaussian integral

:/dqi/dqi'g(qf,cé,t; Qia%/atO)pS(QiaQi,vtO)

q(t)=qs ¢ (t)=gq; i
G (g, g5, t; @5 G5 to) =/ Dq/ Dq’eXp{—
q q

(Sslq] — S [q’]>} Fevla,q]
(to)=ai '(to)=q] h

Feynman-Vernon influence functional:

Fevlg, d'] = o~ 7 Prviaq’]



Feynman-Vernon influence functional

Fevlg, ¢ = o~ 7 Prviaq’]
with

drvia, ¢ = / at / d" {q(t') — ¢ ()}t — ¢")a(t") — (¢ — ") ("))

with integral kernel

n(t) = L(t) + ié(t)g /OC><> EAC)

T W
| /
7 7 N 7 > forward
< E—eo—eo— N . A /
o & - o] backward
_ell -é/ {/ -é 17

Consequences of bath fluctuations:
- time correlations between paths of system dynamics
- complex correlation function



Quasiadiabatic propagator path-integral

In general, we need numerical approach for exact solutions

N WINTER 2077/2008

Here: Quasiadiabatic propagator path integral (QUAPI)

| N. Makri, J. Math. Phys. 36, 2430 (1995)
- numerically exact method

- for all forms of spectral density (no restriction in principle)
- for any finite temperature bath

- system can be general

- driven quantum systems

- latest boost: tensor-network formulation TEMPO

Limitations / drawbacks:
* not too large system Hilbert space dimension, M up to 12-15 or so

* not for zero temperature case (in principle)

General idea: deterministic summation of dissipative real-time path integral



Quasiadiabatic propagator path-integral

. . . . N. Makri, J. Math. Phys. 36, 2430 (1995)
Time discretization (as usual)

=> Short-time propagators —
(O L

cLJ-

|
l
t,

«—contains Hp + Hggp
QUAP!I in 3 steps: H(t) = Hg(¢) + Hg

1. Step: Symmetric Trotter splitting of short-time propagator:

U(tkt1,te) =~ exp(—iHpAt/2h)Us(tk41, tr) exp(—iHpAt/2h)

General time-ordered system propagator I

O s / /
Us(tk+1,tk) :Texp{—ﬁ/ dt Hs(t>}

ti

Trotter error: 5
~ O([Hg, [Hs, Hp]|At”)



Quasiadiabatic propagator path-integral

. . . . N. Makri, J. Math. Phys. 36, 2430 (1995)
Time discretization (as usual)
=> Short-time propagators

_ 2 [ 2 9 I
¢ ¢ I L} |
—— —'

at ©ec *’N-«l '{'N

c-LJ-

[
/
t,

1. Step: Symmetric Trotter splitting of short-time propagator:

Short-time propagator factorizes:

N
R B O (3 ZHNTW%ZH*TW/%W
- System coordinate treated quasi-adiabatically
q, e




Quasiadiabatic propagator path-integral

N. Makri, J. Math. Phys. 36, 2430 (1995)

Combine to full propagator from initial to final time (use completeness...)
& carry out integration over bath d.o.f. (partial trace):

Reduced density operator at time t:

p(ge, q5; t) /qu /qu/qu /qu g — qn) 0(gr — qn)

X (gn|Us(t,t — At)lgn-1) ... (¢1|Us(to + At, t0)|q0)
x {qo|ps(to)]a0) (g6 Ug ™ (to + A1ﬁa?50)|<11> gy UGt t = At)|gly)

N
XF}V)(Q()aqg)a"WQNang)

discrete Feynman-Vernon influence functional:

N k
F& (g0, - ,qN)—exp{—ZZ k_Qankk’Qk’_nkk’Qk’]} -

k=0 k’=0

Remember:
J(w)

n(t) = L(t) + ié(t)% /O T awl®)

w

Mk = Nt — t},)



Quasiadiabatic propagator path-integral

N. Makri, J. Math. Phys. 36, 2430 (1995)
2. Step: Cut memory when it is negligible:

For any finite temperature: memory decays exponentially,
l.e., there exists a memory time scale!

04 | | | Trmem = KAt

| | ! | |
0.3 .
0.2_ — Re, hwc/kBT — OO _

— Re, hw/kgT =10 |[dea: neglect memory when it is
= 0.1 == Im 7 small enough for convergence!
—

0.0\ vﬁf
\ il
018/ -
VS T = My e
L\ ]
1 l 1 l 1 l 1 l 1
0 2 4 6 8 10
o, 1

> Fuw
Remember: L(t) = — / dw J(w) [coth TB cos wt — 7 sin wt
0



Quasiadiabatic propagator path-integral

2. Step: Cut memory when it is negligible:

0.4
0.3
0.2

— 0.1

fd
N—"

-l
0.0

-0.1

N min{N K}

Jr(N)(QO? '7QN H H

— Re, hw./kpT —
— Re, hwe/ksT = 10

N. Makri, J. Math. Phys. 36, 2430 (1995)

1 / * /
exp {_ﬁ [C]k - Qk] [Ukk/qzc’ - nkk’qk’]

Remember: .7:1(;]‘\[/) (qo, ---

10

7QN —exp{

Df‘lf—‘

99

k=

0

k

k

/:0

Tmem — KAt

}

In_practice: increase K until
numerical convergence is
n established

Qk_ka Ukkak:f nkk:"lk:’]} :



Quasiadiabatic propagator path-integral

N. Makri, J. Math. Phys. 36, 2430 (1995)
lterative tensor multiplication scheme:

/ _ / /
p(q,q 7t) :pk(QIka) » Ak(q/€7°'°vqk—|—K—1)
reduced density matrix reduced density tensor
(local in time) ’ (depends on memory)

propagate numerically: iteration:

A1 (@t1s - Qg ) :/ko/ko’Ak(Qka---7QI/<+K)AI€(C]I€7---7QI/~c—|—K—1)

with propagating tensor:

K
_ 1 .
Akl - Gy ic) = (@1 [Us (b1, ) 1) (@ /U (b te) | dhgn) [ ] exp {_ﬁ[Qk — @) [k g — ﬁkk/%ﬁ;/]}
k'=0

o - 1 *
Atfinal time:  p(qys, g}, t) = An (g7, s, G, -y §) exp {—ﬁ[qf — qfllnNnay — WNNQ}]}




Quasiadiabatic propagator path-integral

N. Makri, J. Math. Phys. 36, 2430 (1995)
3. Step: Discrete variable representation

dimension of system
,, Hilbert space

/qu/qu/... » iz

mrp=1m} =1
continuous integration discrete summation in eigenspace of
In coordinate space system-bath coupling operator

0gq(00) 15! '

Careful check for convergence: 11l

* Trotter increment as small as possible
- memory time as large as possible

M=5 W K=3 -

- optimum in between 14T
M. Thorwart, P. Reimann, P. Hanggi, Rev. E 62, 5808 (2000) ' |
o b L
0.0 0.4 0.8 0.0 0.4 0.8



QUAPI: Verification & tests

Parametrically driven quantum dissipative harmonic oscillator

p2

Hs(t) = M

+ /\2/1 [wi + € cos Qt]q?

,=1.0, ¢ =0, T=1.0, y=0.1, ©_=50.0 Ohmic bath

12 | | R

—-————
-——

0.8

analytic result
---- QUAPI: M=5, K=4, At=0.2

0.4

No driving
0.0 ~—- - - Ogo(t)

M. Thorwart, P. Reimann, P. Hanggi, Rev. E 62, 5808 (2000)



QUAPI: Verification & tests

Parametrically driven quantum dissipative harmonic oscillator

- \ unstable i W
2 ; FLL
p M 5 5 1.5 stahle ¥ -
Hs(t) = —— + —|w§ + ecos Qt|q . :
2M 2 E 0] i

w,=1.0, ¢ =0.5, T=0.1, y=1.0, » =50.0 Ohmic bath

analytic result

---- QUAPI: M=4, K=4, At=0.25
—-—- QUAPI: M=5, K=4, At=0.25

with driving, stable

0 2 4 6
t

] unstable

0.5+
4 stabilization
of the

1 wupside-down
1 pendulum

1
(w,/2mf)?
®,=1.0,€£=0.5, T=1.0, yv=0.1, . =50.0 Ohmic bath

r analytic result
I ---- QUAPI: M=5, K=4, At=0.25

with driving, unstable
2 4 6 8 10
t

M. Thorwart, P. Reimann, P. Hanggi, Rev. E 62, 5808 (2000)



Recent developments

1) Small Matrix decomposition of the Path Integral (SMatPl):
N. Makri, J. Chem. Phys. 152, 041104 (2020)

- eliminates the large memory requirements of the iterative QUAPI
while introducing an approximation that is small compared to the
memory cutoff

2) Extended SMatPI:
N. Makri, J. Chem. Theory Comput 17, 1 (2021)

- incorporates some additional long-range influence functional terms to
SMatPI at essentially no computational cost

3) QUAPI as a tensor network: TEMPO
] A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)
* general idea:
TEMPO compresses the history of a dissipative single particle
immersed in a heat bath into a matrix product state (,DMRG in time*)



Basics of matrix product states

Consider general state in a two-body Hamiltonian:

) = Y |n,n2) (ny,ma |9) =2 Y 9™ |ny, no)

ni,n2 ni,n3

Graphical representation of coefficient matrix:

If state is not an entangled state: no | I

p =gy i [o] [

rank-2 ,tensor”

. . n n
In general: matrix product state representation: Il |2

pr =Y (00! (p) |y ] v

1




Basics of matrix product states

Consider general state in a two-body Hamiltonian:

) = Y |n,n2) (ny,ma |9) =2 Y 9™ |ny, no)

ni,no ni,ny

Graphical representation of coefficient matrix:

If state is not an entangled state: no | I

p =gy i [o] [

. . n n
In general: matrix product state representation: Il |2

pr =Y (00! (p) |y ] v

1

(1) = Loy
rank(ym"2)

. e . ni,_ ph
Singular-value decomposition: ™" = Z;I L"o;R}? ()2 = R™




Basics of matrix product states

General state in an N-body Hamiltonian:

|1I)> — Z l/)nln2n3"'nN |n1, np, N3, ..., nN)

ni,ny,N3,..., 0N

nq U

ns

pnNs N — Z(¢1 z112(1113)12,3 (yn )zN 1 » (U0 P2

V3

YN

Advantage:

MPS is a rank-N tensor, while consisting of only rank-3 tensors

object no longer scales exponentially in N, when not all states are

fully entangled (as is often the case)
\ Strong

computational

advantage




Basics of matrix product states

Scalar product (¥ |¢)

1 F2 62 2 ¢s

d d d

v 2 s 2 s
Operators:

A

Matrix product operator ()

d| 4 4
0, 1 0, 1Y o,
d| dl

I L R LI TR

Contraction:
b1 . b/ ®2 .
d - d
N
Ty b
b b/ ¢3
d = d

acting on a matrix product state |¥)

Contraction:

-

d

al

O

b
D

al

b
Yd
o

=




Tensor network formulation: TEMPO

Slight change of notation

2
/\2 A
N N A A p' 1 ~ C‘S
H:Hs+HenV:Hs+E —J+—mjwj2-<:cj— / 2)

Hs= 3" hijls) (sl 8= silsi) (si]

= i=1
spectral density: J(w :gz @




Tensor network formulation: TEMPO

Remember:  QUAPI: reduced density matrix

Trenv <e—iﬁtp(0)eth>
[2] n N k (kk,) )
t=N- At — Z Gzii%_l Gz’itz(? <S'L'8L IOS(O) 87,0_> H H Fiz‘i +0 (At )
iE i =1 k=0k'=0 " "
— —1Hg At 1Hg At
System propagator: Gial,ig = <37;;+1 € Sz';j> <57;,; € Sz',;+1>
' : (k") _ % ]
Bath influence Fiiii = exp _(S’PL _ S’i_) Mk S+ — Mg S,
E Yyt k k K/ k' /)
e ~ APL((k — k')At)  for k # K/ — numerically exact
| oo B — arbitrary spectral density
L(t) = ;/ dwJ (w) [coth (7) cos(wt) — isin(wt)]
0

[2] N. Makri and D. E. Makarov, J. Chem. Phys. 102, 4611 (1995).



Tensor network formulation: TEMPO

Consider example [N = 2

2

ps(2At)a, = Z Gazar GagagPag

Notation: o= ii

ap,0q =1

mm) absorb system propagator:

I

Otkl akQ L

time

time steps

20t At 0

F(22) F(21) F(QO) F(ll) F(lO) F(OO)

o2 (X2 (X1 Q20" X101 100" oo

Gy, o, Fre2)  if by — ko =1

(k1k2)

F’ockloz;€2 else

I IOS(NAt)OéN —

TL2

2.

Cléo,...,C\dN_lzl

N k
Pag H H Iakozk/

k=0 k’=0

A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)



Tensor network formulation: TEMPO

’I’L2

N k
,OS(NAt)aN — Z Pag H H Iozk,ozk/

Oéo,...,OéN_lzl k=0 k’=0
Consider N =1 : .
Key point: use Kronnecker

4

ps(At)a, Zloqoq loaglagagPay = ZZ(Salﬁllalal]alao]aoaopao
(6 7)) a0 181
: .
a1 | aq aq
Lol [ | 3 |
Q) Qg - L ‘
0,0 0,0

A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)



Tensor network formulation: TEMPO

Consider N = 2 :
pS(QAt)OéQ — Z IOéQOézIaQOélIOAQOfoIOélOuIalaolaooéopao

ap,01
(f2 (0%) 0|‘2
|
@ 0
2,2| “22,1| 22 ¢ 2,2| “22,1| A2 o 2,2| “2f2,1| 22 0
aj, 031 |Ozo 041: aq _Jﬁo 041: o
0 07 ! (0
> 1,1 H1,0f mp > L1 1,0 wep > 1,1 H1

= J S ©

\‘O
(@)
P
(@)
o |

A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)



Tensor network formulation: TEMPO

Consider N = 2 :

2
I
2,2| “22,1| 2.0
|@1
Ozll
-y Lo
aq
05
I
= 2,212,120
1,110
0,0

o2
I
2
2,2!—7—-2, 12,0
041: i

1,1 1,0
0,0

2

05
l 8}
2,2 32,1@.2,0
) i
Oél:al
=> > 1,1—1,0 -Z
(6] o1
0,0
(%) 2
I |
) (22l 12 119 0| mmh (2,2
1,1

A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)



Tensor network formulation: TEMPO

Consider N = 3 : o
|
3,3 3,2 3,1 3,0
2,2 2,1 2.0
ps(SAt)ag —
1,1 1,0
0,0
Oz;@
where Ok, ky, k= B, = 50%1 B, 504k2 B, IaklakQ

|
B

A. Strathearn, P. Kirton, D. Kilda, J. Keeling & B. W. Lovett, Nature Commun. 9, 3322 (2018)



Tensor network formulation: TEMPO

Decisive advantage of TEMPO:

e Substantially many, many more memory time steps can be taken
iInto account

e Typical for QUAPI:
up to 18 to 20 memory time steps for a qubit-system

e TEMPO:
several hundred memory time steps are possible

e extends the range of applicability of the method to very hard
extrem non-Markovian cases



Benchmark test: Qubit + oscillator

H = Hs + Hing + Hose = 562 — 6,(a+a")+va'a

N [

Worst case scenario for TEMPO: no compact tensor to compress memory Q=g =v
initial condition:

. s(0)= 1)
= J(w) =125 (w—v) mmp L(t) =g’ ™ =1

Two (controlled) approximations:  time step At and singular value cutoff )\c

polarization P(t) := (6,), = Tr (6.ps(1))

10 '
1.00 ool ot ‘ _
numerical integration SE B TEMPO, QAt = 0.2 200
0.751 x largest A, B TEMPO, QAt = 0.3 8 £102
intermediate A, BN TEMPO, QAt =0.4 g
0.50 *  smallest A\, 6 o E
+= =i
0.25 < 2
4 100 £ —— QAL =02
& 0.004 2 —— QAt=0.3
2 10! — QAt =
9 50 =) t=0.4
—0.25 smallest \.
------ largest A\,
—0.501
0 46 41 36 312621 16 11 6 1 0.0 2.5 5.0 7.5 10.0
—0.75 bond# Qt




Examples & Applications

w dissipative quantum XOR gate

v Superconducting qubit coupled to a SQUID as readout device

v sub-Ohmic bath

v Quantum-1/f noise in superconducting qubits

w Superconducting qubits exposed to non-commuting baths



00) [01) ]10) |11)
Dissipative quantum XOR gate { 1 0 0 0)

0 O
Two coupled qubits: Uxor = 0 0 0 1
;2 \ 0 0 1 0
_|_ —
Hxor(t ——52 i ( Jj—|—7iZJ(t)aj o,
Jj=1 J#k
N System-bath coupling: Ohmic
Hlarcléz_Ha;/zZK;x/ —|—CL]) y pling . (1 . )
1) Bit flip errors: / \
B0 |_| 1 1 0 0 1
B.() | — Hc=5(0'1+0'§)= 1 0 0 1
B/ — \0 1 1 o/
By’ [ ] ]
o —1 [ 2) Phase errors: 1 00
0 t; t t3 ft4 ts tg  txox 1 0O 0 O
..... - Hi=5(oi+09=[ 0 o o
T O YA T s 000 -1
II (Charge qubits) 1K 100 mK 5 mK 50 mK 0.1 0.005 005 442(m/2)

I (Quantum-dot qubits) 1 meV 1meV 005 meV 125 mK 1 005 001 46(m/2)

M. Thorwart, P. Hanggi, Phys. Rev. A 65, 012309 (2000)



Dissipative quantum XOR gate

Time-resolved XOR

(o ————————— ————————— 1
0.8 | — =0 Rl {08
=l R 1:;3;3};2;:: 110 106 -
0. 04 - 1 F 104 Q.
0.2 | I 1 0.2
0.0 | 0.0
1.0 1.0
0.8 | l 0.8
006 | {06
O 0.4 0.4 0O
02 | | 0.2
0.0 | 0.0

M. Thorwart, P. Hanggi, Phys. Rev. A 65, 012309 (2000)



Dissipative quantum XOR gate

Dependence on bath interaction strength

a) Bit flip errors

0

10 1 T T 1 T 1 T T
107 1t
107 ¢ 1
- 107 F —-e Setl -f
Py G—Ea Set I
10 - ¥—xSetlll 11
10~ -
o 107 -
~ 107 -
107 -
107 10);5 10°°
Y

0

10
10

-1

e decisive parameter: coupling strength

e temperature less crucial

b) Phase errors

Setl -}
G—Setll
X—XSetllt

-

1 1 I3 1 13
-7 -5 -
10 10 10
‘Yl
Dependence on temperature

a) Bit flip errors ~ y=10"° -
0.99985 s - 0.9997 =
3,
009980 | —— Set! 1 0.99% o
--~- Setll -
& X Set Il 4 0.9995 &
0.99975 | R o
oenenaeNenaionete | N 1 0.9994 Ne)
0.99970 ; =~
___________________ 1 -049974 ©
0.99981 x> oa0e76
Q 099979y 1 -0.49978 <3
0.99977 ¢ 1049980 O
0.99975 | RAHAAIHRNX { -0.49082 &

0.99973 : ] _0.49984

002 006 002 006 0.0
T T

M. Thorwart, P. Hanggi, Phys. Rev. A 65, 012309 (2000)



Superconducting qubit + readout

- W4y ke 1 o
H = —Tﬂx—762+502h;)»k(blt+bk) +;ha)kb};bk
Qubit

200 Q" ®—0
\ @) =g ;5 20,
(27 — 0?)” + 2nkwQ)

Environmental spectral density
g=0.18 A,, k=0.014

10 L | rorrrrT T

— Q=A, (> a=0.004)
— Q=0.75 A, (-> a=0.006)

SQUID: readout ' \

slope 2a

L1 1 IR | L1 o IR
0.001 0.01 0.1 1 10
u)/A0

M. Thorwart, E. Paladino, M. Grifoni, Chem. Phys. 296, 333 (2004)




Superconducting qubit + readout

Garg, Onuchic, Ambegaokar, J. Chem. Phys. 83, 4491 (1985)

(a) .
T o, 3| T
hA % '
-) - :
/ ED o E
(b) K Q, logew
g K =
fia 4—»4-» :
’\O K
80
Dressed states
gz\/ﬂaﬂg/él% Kk =/2182, T o0l
112> _gf|“> 11>
~ 110>
M1 > 29 1y 0>
01>
110> 100 >

M. Thorwart, E. Paladino, M. Grifoni, Chem. Phys. 296, 333 (2004)



Superconducting qubit + readout

Garg, Onuchic, Ambegaokar, J. Chem. Phys. 83, 4491 (1985)

(@ _
S) Y —>
2y T i
2 o ;
(b) : 2, logw
g N__J| K=
A | v
t ‘? ol K
80
H --------------------------------------------- Dressed states
S
= /maf3 /4y, Kk =y/27€) 2g,/2
g \/ o/ 4y v/2m8Yy |¢2>_9f|“> 11>
~ 110>
111> 29 140>
101>
110> 100 >

M. Thorwart, E. Paladino, M. Grifoni, Chem. Phys. 296, 333 (2004)



Superconducting qubit + readout

Compute symmetrized qubit autocorrelation function:

S.(t) =

N[ ==

(02(t)0-(0) + Gz’(O)O'Z(t» - (GZ>oo,+

2

and its half-sided Fourier transform S,(®) = 2/ dz cos wt S, ()
0

15 ' T - | I | |
peak 1
n peak 2 1__ ! !
101
<O
S
» 5
Or —
li 1 1
0 0.5 o 1.5 2 2.5

2 m]AO

—>‘ ‘4— Rabi splitting

Fig. 1. Example of the dynamics for the symmetric case ¢ = 0, where
the oscillator frequency is in resonance with the TSS frequency, i.e.,
Q= Ay. Parameters are: g=0.184p, xk=0.014 (—o=0.004),
kgT = 0.144y. QUAPI parameters are M = 12, K = 1, At = 0.06/ 4.

M. Thorwart, E. Paladino, M. Grifoni, Chem. Phys. 296, 333 (2004)



Superconducting qubit + readout

symmetric qubit: dephasing rates

0.05 ——————————————————
0.04F Simple one-phonon rate
with peaked bath
~_0.03F

0.02- 0.12 _
< 0.08- i

00t e L =

" 0.75 1 1.25 1.5 0.04} |

Q/A,

Fig. 9. Dephasing rates I'y and I'; in comparison with the weak-cou-
pling rate I'y for varying Q. Parameters are: ¢ =0, g=0.074,
k =0.014 (—a=0.0005 for Q= 4y), kT = 0.1%4,. Inset: Corre-
sponding results for varying g for Q = 0.754,.

M. Thorwart, E. Paladino, M. Grifoni, Chem. Phys. 296, 333 (2004)



Qubit in a sub-Ohmic heat bath
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F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)



Qubit in a sub-Ohmic heat bath

Compute polarization: P (t) := (5),

Two (controlled) approximations: discrete time step At and singular value cutoff )\C

0.99
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097_ ———

0.96 ! T T T T
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F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)



Qubit in a sub-Ohmic heat bath

Typical behavior, Ohmic bath:

1.0 1
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5—: 0.0
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—1.0 1
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Ot

F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)



Qubit in a sub-Ohmic heat bath we =100, T =0

Literature on dynamical phase diagram for s <1
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all plots are adapted to contain only information about coherent-incoherent transition

[A] P. Nalbach, M. Thorwart, Ultraslow Quantum Dynamics in a Sub-Ohmic Heat Bath, Phys. Rev. B 81, 054308 (2010)
[B] D. Kast, J. Ankerhold, Persistence of Coherent Quantum Dynamics at Strong Dissipation, Phys. Rev. Lett. 110, 010402
(2013)

[C] C. Duan, Z. Tang, J. Cao, and J. Wu, Zero-Temperature Localization in a Sub-Ohmic Spin-Boson Model Investigated by
an Extended Hierarchy Equation of Motion, Phys. Rev. B 95, 214308 (2017)

F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)



Qubit in a sub-Ohmic heat bath
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Qubit in a sub-Ohmic heat bath

Coherent-incoherent transitionat s = 0.57?
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Minimum coherence always
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F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)



Qubit in a sub-Ohmic heat bath

Minimum determined by
Pseudo-coherent phase:
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Minimum coherence always remains when tuning s

F. Otterpohl, P. Nalbach, M. Thorwart, Phys. Rev. Lett. 129, 120406 (2022)




Qubit in a sub-Ohmic heat bath
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T =0, w. =100
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spectral density J(w)

Qubit exposed to quantum 1/f noise
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F. Otterpohl, P. Nalbach, E. Paladino, G.A. Falci, M. Thorwart, in review (2025)



Qubit exposed to quantum 1/f noise
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F. Otterpohl, P. Nalbach, E. Paladino, G.A. Falci, M. Thorwart, in review (2025)



Qubit exposed to quantum 1/f noise
The Phase Diagram
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F. Otterpohl, P. Nalbach, E. Paladino, G.A. Falci, M. Thorwart, in review (2025)



Qubit exposed to quantum 1/f noise
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Qubit exposed to quantum 1/f noise
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Qubit exposed to quantum 1/f noise

Dependence on infrared cit-off

F. Otterpohl, P. Nalbach, E. Paladino, G.A. Falci, M. Thorwart, in review (2025)



Qubit exposed to quantum 1/f noise

Note: e« Inmany cases, ultraslow relaxation and strong coupling
to low-frequency bath modes are known to occur

e Physical origin: quantum two-level fluctuators in the
environment (amorphous solids)

e Such types of fluctuations are clearly non-Gaussian and
are not captured by a spin-boson model with s>0

Decoherence and 1/ f Noise in Josephson Qubits
Phys. Rev. Lett. 88, 228304 (2002)

E. Paladino,! L. Faoro,? G. Falci,! and Rosario Fazio3

REVIEWS OF MODERN PHYSICS, VOLUME 86, APRIL-JUNE 2014

1/f noise: Implications for solid-state quantum information

E. Paladino®, Y. M. Galperin', G. Falci*, and B. L. Altshuler® Rev. Mod. Phys. 86, 361 (2014)

F. Otterpohl, P. Nalbach, E. Paladino, G.A. Falci, M. Thorwart, in review (2025)



Superconducting qubit in non-commuting baths

Z P 1 1,551 2
A A A A A ’j 2 ~ ,j
j 7j

/\2 1 ~ 2
D2 ; o [ . C2,jS2
+ g 5 -+ §m2,jw]~ T2 — —
j M2 ; ma jWs 4

where [§1’ §2] # O

special case: bath 1 is a pure dephasing bath: {§1, ]:IS} =0

m) Two influence functionals:  Fy (6o, 51, .-, Bn8) = F1(Bo, B1, -, Bn) [J1(W)]

F2(a07 Ay ..y O(N) — FQ(a07 A, ..., OAN> [J2<CU)]

T. Palm, The Two Level System under the Influence of Non-Commuting Fluctuations, PhD thesis, 2020

F. Otterpohl, P. Nalbach, M. Thorwart, in progress (2025)



Superconducting qubit in non-commuting baths

system-propagator,

) G (=t :<S' —iHg At
single bath: ( k+1 k) id

e 1Hg At
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S._
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=) two bath case: include change of basis:
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F. Otterpohl, P. Nalbach, M. Thorwart, in progress (2025)



Superconducting qubit in non-commuting baths

mm) Turn system propagator into MPO:

ay ON-1 0% Q
N | | |
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F. Otterpohl, P. Nalbach, M. Thorwart, in progress (2025)



Superconducting qubit in non-commuting baths

N —
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Matrix-vector
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F. Otterpohl, P. Nalbach, M. Thorwart, in progress (2025)



Superconducting qubit in non-commuting baths

Main finding: disruption of localization transition by a second bath

- 1
82——

O-Z
G@zw exp (—w/we

S(O) p— |T> ,Oenv(o) X e_ﬁenv/(kBT)

A

W, = 1OQ at T — O F. Otterpohl, P. Nalbach, M. Thorwart, in progress (2025)
c =



Other techniques (personal selection)

« Quantum Monte Carlo: stochastic sampling of path integral Egger, Mak, ...
(+: very general, numerically exact, -: sign problem in real time)

« Stochastic Schrédinger Equation & HOPS Djosi, Strunz, Eisfeld
(+: very general, very efficient, numerically exact)

» Hierarchy Equation of Motion Tanimura
(+: very general, numerically exact)

- Renormalization Groups: DMRG, NRG, fRG, ... Plenio, Burghardt, ...

* Flow Equation Kehrein
(+: numerical exact, -: limited to smaller systems)

- Time-Nonlocal Quantum Master Equations ~ Melr. Tannor, ...
(+: very efficient, -: approximative, weak coupling)

- Redfield Equation (Born-Markov master equation)  Rgegfield, Bioch., ...
(+: very efficient, -: approximative, weak coupling)

- Analytical: NIBA, generalized master equation

(+: analytical, -: approximative/perturbative) Leggett, Weiss, Grabert, Grifoni, Hanggi. ..



Examples & applications

w Quantum transfer of excitation energy / exciton transport

. Electron transfer
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w Fenna-Mathews-Olson complex

Chlorosome light-harvesting antenna complex
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Conclusions

w Open quantum systems: System-Bath Model
w Bath introduces dissipation & quantum decoherence / memory
w Numerically exact QUAsiadiabatic propagator Path Integral
w Path integral as a tensor network: TEMPO
v« Applications:
+ Superconducting qubit coupled to readout device
+ sub-Ohmic heat bath

+ Quantum 1/f noise
<+ Qubit coupled to non-commuting baths



